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PRE-COURANT ALGEBROIDS
ANDREW JAMES BRUCE AND JANUSZ GRABOWSKI
Abstract. Pre-Courant algebroids are ‘Courant algebroids’ without the Jacobi identity for the Courant–
Dorfman bracket. We examine the corresponding supermanifold description of pre-Courant algebroids and
some direct consequences thereof. In particular, we define symplectic almost Lie 2-algebroids and show how
they correspond to pre-Courant algebroids. We give the definition of (sub-)Dirac structures and study the
na¨ıve quasi-cochain complex within the setting of supergeometry. Moreover, the framework of supermanifolds
allows us to economically define and work with pre-Courant algebroids equipped with a compatible non-negative
grading. VB-Courant algebroids are natural examples of what we call weighted pre-Courant algebroids and our
approach drastically simplifies working with them.
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1. Introduction
There has been a recent drive in the ‘higher categorification’ of mathematics and physics. The categorical
approach to ‘higher structures’ is extremely powerful and has given rise to multisymplectic manifolds, Courant
algebroids, Dirac submanifolds and L∞-algebras, to name just a few mathematical structures. From a physics
perspective, the categorical way of thinking has proved useful in axiomatising the path integral approach to
conformal and topological field theories, for example. However, this categorical approach to ‘higher structures’
can be difficult to work with and this is especially so in the context of finding concrete examples and applications.
Allied to this categorical perspective is the study of supermanifolds equipped with some geometrical structure
and a compatible additional grading (see for example [18, 19, 45, 47, 53]). In particular, Q-manifolds (see [1])
with additional gradings on their structure sheaves offers a framework that is much easier to handle than ‘higher
categorification’. For example, Lie algebroids are economically described in these terms following Va˘ıntrob [52].
We remind the reader that a Q-manifold is a supermanifold M , equipped with a Grassmann odd vector field,
typically denoted by Q, that ‘squares to zero’, i.e., Q2 = 12 [Q,Q] = 0. Note that this condition is non-trivial
due to the Z2-grading. The vector field Q ∈ Vect(M) is typically referred to as a homological vector field.
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A classical gauge system is a supermanifoldM , equipped with an even/odd Poisson bracket and an odd/even
homological potential θ ∈ C∞(M). The further requirement is that the classical master equation, {θ, θ} = 0,
holds. It is clear that the Hamiltonian vector field associated with the homological potential
Q := {θ, − },
is, in fact, a homological vector field. The language here is of course borrowed from the BV-BRST and BFV
formalisms of gauge theory. Many mathematically interesting and physically relevant Q-manifolds arise from
classical gauge systems, see Lyakhovich & Sharapov [41]. For instance, Courant algebroids can be understood
as classical gauge systems a` la Roytenberg [45, 46] and Sˇevera [48].
Loosely, a Courant algebroid (see [11, 13, 40]) is a vector bundle whose space of sections comes equipped
with a Loday–Leibniz algebra structure, together with an anchor map and a nondegenerate symmetric bilinear
form that satisfy some compatibility conditions. In particular, the bracket on the space of sections is not a Lie
bracket, but rather a non-skewsymmetric bracket that satisfies a version of the Jacobi identity. For a recent
review of the history of Courant algebroids, the reader should consult Kosmann-Schwarzbach [34].
The roˆle of Courant algebroids in physics is two-fold. Firstly, Courant algebroids were originally developed
in order to study the integrability of Dirac structures. Thus, Courant algebroids are important in geometric
mechanics in the presence of constraints. Secondly, Courant algebroids appear to be fundamental in the super-
gravity limit of string theory, see for example [5, 6]. The observation that Courant algebroids are related to
two-dimensional variational problems is due to Sˇevera [47, 48]. Courant algebroids also appear in the context of
closed string theory with a toroidal target space via double field theory, see for example Deser & Stasheff [12].
Another connection with string theory is the fact that D-branes can be identified with certain Dirac structures,
see Asakawa, Sasa & Watamura [4].
A pre-Courant algebroid is a ‘Courant algebroid’ for which the Jacobi identity for the bracket has been
discarded (see Vaisman [51]). Pre-Courant algebroids naturally appear in the theory of three-dimensional sigma
models with Wess-Zumino terms, see Hansen & Strobl [25]. Furthermore, pre-Courant algebroids appear in
parabolic geometry via the work of Armstrong [2] and Armstrong & Lu [3]. They are also to be found in the
context of Cartan geometry via the work of Xu [56]. In short, Courant and pre-Courant algebroids appear in a
range of contexts spanning both pure mathematics and theoretical physics.
In this paper, we reformulate the notion of a pre-Courant algebroid using the language of supermanifolds
as suggested in [39]. By relaxing the condition that the function θ be a homological potential, we arrive at
a ‘weakened’ version of a Courant algebroid. That is, we do not assume that the classical master equation is
satisfied, nor do we assume that its violation is controlled in some specific way. However, we note that Liu,
Sheng & Xu [39] proved that all regular pre-Courant algebroids are in fact twisted Courant algebroids. We will
in due course carefully define symplectic almost Lie 2-algebroids and show that under a technical assumption
on the grading they are in one-to-one correspondence with pre-Courant algebroids as defined by Vaisman [51].
At the risk of getting slightly ahead of ourselves, a symplectic almost Lie 2-algebroid is essentially a ‘symplectic
Lie 2-algebroid’ for which {Θ,Θ} 6= 0, but the weaker condition {{Θ,Θ}, f} = 0 holds for all weight zero
functions f . Here, Θ is the degree three Hamiltonian that, together with the weight −2 Poisson bracket, encodes
the pre-Courant algebroid. Although we have lost the Jacobi identity for the Courant–Dorfman bracket we still
have compatibility of the anchor map with the bracket. This is the origin of our nomenclature ‘almost’.
An almost Lie algebroid (see for example [14, 17, 21]) is a ‘Lie algebroid’ for which the Jacobi identity for the
bracket on the space of sections has been discarded, but compatibility of the anchor with the bracket remains
intact. Such ‘weakened’ Lie algebroids naturally appear in geometric mechanics with nonholonomic constraints,
and this fact provides motivation for the study of almost Lie algebroids and related structures. There is an even
looser notion of a skew algebroid where the compatibility of the anchor map with the bracket is lost. However,
the ‘almost’ case is much better behaved than the ‘skew’ case for some quite fundamental reasons. First, while
for both almost Lie algebroids and skew algebroids one has a clear notion of admissible paths, in order to develop
homotopies of admissible paths compatibility of the anchor with the bracket is needed. Secondly, while one
cannot fully develop the cohomology theory of almost Lie algebroids, their zeroth and first cohomology groups
are perfectly well defined. For general skew algebroids, only the zeroth cohomology group can be defined. The
situation for pre-Courant algebroids or better put symplectic almost Lie 2-algebroids, is very similar to the
case of almost Lie algebroids. Moreover, we will show that the relations between Lie algebroids and Courant
algebroids pass over to almost Lie algebroids and pre-Courant algebroids. In particular, (sub-)Dirac structures
in pre-Courant algebroids give natural examples of almost Lie algebroids. The general meta-theorem here is
that the Jacobi identity can be thrown out, but in order to have interesting and useful structures compatibility
of the anchor with the bracket must be kept!
Another direction of ‘categorification’ is the study of ‘double objects’ in the sense of Ehresmann. For example,
double vector bundles are vector bundles in the category of vector bundles. Other examples can then be built
by adding further structures on one or both of the vector bundle structures. For instance, VB-algebroids and
VB-Courant algebroids are Lie algebroids and Courant algebroids in the category of vector bundles respectively
(or via ‘categorical nonsense’, vice versa). The notion of a VB-Courant algebroid is less well known than that
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of the notion of a VB-algebroid and was introduced by Li-Bland in his Ph.D. thesis [38] (also see Jotz Lean
[28] and Lang, Sheng & Wade [26]). We will define VB-pre-Courant algebroids, as well as their higher graded
versions1 in simple terms of pre-Courant algebroids equipped with a compatible homogeneity structure [18, 19].
Loosely, a weighted pre-Courant algebroid is a pre-Courant algebroid with a compatible N-grading. In fact, in
[9] we (together with Grabowska) made a very brief incursion into the theory of weighted Courant algebroids,
but here we will explain the relation with VB-Courant algebroids explicitly. Using homogeneity structures, i.e.,
smooth actions of the multiplicative monoid of reals, we simultaneously simplify and generalise the notion of
a VB-Courant algebroid. For example, in this framework the notion of a weighted, or just a VB, pre-Dirac
structure is conceptually clear.
We remark that much of our inspiration for working with double and multiple structures comes from Macken-
zie’s works on double vector bundles, VB-algebroids etc., in relation to Poisson geometry, see for example [42, 43].
Main Results:
• We show that there is a one-to-one correspondence between pre-Courant algebroids (for which the
Grassmann parity and weight coincide) and symplectic almost Lie 2-algebroids (Theorem 3.10).
• We prove that sub-Dirac structures on pre-Courant algebroids are almost Lie algebroids (Proposition
3.19).
• We show that there exists a quasi-cochain map between the na¨ıve quasi-cochain complex and the
standard quasi-cochain complex (Theorem 3.26).
• We prove that the higher order tangent bundles of a pre-Courant algebroid are canonically weighted
pre-Courant algebroids (Theorem 4.3).
We also present several illustrative examples of the various structures encountered in this paper.
Our use of supermanifolds: We will assume that the reader has some basic working knowledge of the theory
of supermanifolds. Formally we understand a supermanifold to be a locally ringed spaceM :=
(
|M |,OM
)
where
the topological space |M | is Hausdorff and second countable, and OM is a sheaf of commutative superalgebras
such that on ‘small enough’ open subsets |U | ⊂ |M |, is locally isomorphic to C∞(Rp)⊗∧•Rq. We will regularly
employ local coordinates throughout this paper. We will denote the Grassmann parity of various objects using
‘tilde’. The parity reversion functor we will denote as Π.
Although we generally work with supermanifolds, our intention is not to generalise pre-Courant algebroids
to ‘super pre-Courant algebroids’, but rather to show how the framework of symplectic supermanifolds offers
new light on the subject of classical pre-Courant algebroids.
Arrangement: This paper is arranged as follows. In Section 2 we recap the basic notions needed in this paper.
In Section 3 we present our main definitions of symplectic almost Lie 2-algebroids and how they are related to
pre-Courant algebroids. In Section 4 we provide a definition of a pre-Courant algebroid carrying an additional
compatible graded structure and show how these generalise VB-Courant algebroids. We finish this paper in
Section 5 with a few concluding remarks.
2. Preliminaries
In this section, we sketch some background material needed throughout the rest of this paper. The informed
reader may safely skip this section.
2.1. Pre-Courant algebroids. Let (E, 〈·, ·〉) be a pseudo-Euclidean vector bundle over a smooth manifold M .
The metric induces an isomorphism between E and its dual E∗ in the standard way.
Definition 2.1 (Vaisman [51]). A Courant vector bundle is a pseudo-Euclidean vector bundle equipped with
an anchor map
ρ : E → TM,
such that ker(ρ) is a coisotropic distribution in E.
Given any Courant vector bundle (E, 〈·, ·〉, ρ), we have a differential operator D : C∞(M)→ Sec(E) defined
by
(2.1) 〈Df, e〉 := ρ(e)f.
Definition 2.2 (Vaisman [51]). A pre-Courant algebroid is a Courant vector bundle (E, 〈·, ·〉, ρ) equipped with
a R-bilinear product ◦ : Sec(E) × Sec(E)→ Sec(E), which we will refer to as a pre-bracket, that satisfies:
(1) ρ(e1 ◦ e2) = [ρ(e1), ρ(e2)];
(2) e1 ◦ e2 + e2 ◦ e1 = D〈e1, e2〉;
(3) ρ(e1)〈e2, e3〉 = 〈e1 ◦ e2, e3〉+ 〈e2, e1 ◦ e3〉,
for all e1, e2 and e3 ∈ Sec(E).
1See [9] for the notion of weighted Lie algebroids and weighted Lie groupoids.
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Note that in general, a pre-bracket does not satisfy any form of Jacobi identity. However, if a pre-bracket
satisfies the Jacobi identity in Loday–Leibniz form, then we are dealing with a Courant algebroid (see [11, 13,
40]).
Example 2.3. Courant algebroids are examples of pre-Courant algebroids by simply disregarding the Jacobi
identity for the Courant–Dorfman bracket.
Example 2.4. It is well known that Courant algebroids over a point are precisely quadratic Lie algebras. In
this setting, the anchor is trivially zero and the defining axioms of a Courant algebroid reduce to the definition
of a Lie algebra equipped with an invariant quadratic polynomial. If we replace a quadratic Lie algebra with
a quadratic skew algebra (i.e., a vector space satisfying the usual axioms of Lie algebras except for the Jacobi
identity), then we obtain an algebraic example of a pre-Courant algebroid. The seven-dimensional cross product
× : R7 × R7 → R7
(a,b) 7→ a× b,
provides an explicit example of such a structure. Recall that the seven-dimensional cross product can be
defined using a basis as ei × ej =
∑
k ǫijkek, where ǫijk is a totally antisymmetric tensor with value +1 for
ijk = 123, 145, 176, 246, 257, 365. All the remaining components that do not come from a permutation of
these values are zero. From this definition (among other identities) we have that:
a× b = −b× a;(2.2)
a · (b× c) = b · (c× a) = c · (a× b),(2.3)
where the ‘dot’ is the standard Euclidean scalar product. However, in contrast to the three-dimensional cross
product, the Jacobi identity is not satisfied. Comparing (2.2) and (2.3) with the axioms of Definition 2.2, we
see that we do indeed obtain a pre-Courant algebroid over a point.
The subspaces of Sec(∧•E∗) defined as
Ck(E) =
{
Ψ ∈ Sec(∧kE∗) | iDfΨ = 0 for all f ∈ C
∞(M)
}
,
posses a covariant derivative D : Ck(E)→ Ck+1(E) defined as
DΨ(e1, · · · ek+1) =
k+1∑
i=1
(−1)i+1ρ(ei)Ψ(e1, · · · , eˆi, · · · ek+1) +
∑
i<j
(−1)i+jΨ(ei ◦ ej , e1, · · · , eˆi, · · · , eˆj, · · · , ek+1),
which is the natural extension on the operator (2.1). Following Stie´non & Xu [50] and Liu, Sheng & Xu [39]
one can construct a quasi-cochain complex associated with a pre-Courant algebroid.
Definition 2.5 (Liu, Sheng & Xu [39]). The na¨ıve quasi-cochain complex of a pre-Courant algebroid is the
quasi-cochain complex
(C•(E), D).
It is important to note that in general D is not ‘homological’, i.e., D2 6= 0, due to the fact that the pre-bracket
does not satisfy the Jacobi identity. Thus, we have only a quasi-cochain complex and not a genuine cochain
complex.
2.2. Graded bundles. Our general understanding of a ‘graded supermanifold’ is in the spirit of Th. Voronov
[53]. Graded manifolds are defined as supermanifolds equipped with a privileged class of atlases in which the
coordinates are assigned weights in Z, which are in general independent of the Grassmann parity. Moreover,
the coordinate changes are decreed to be polynomial in non-zero weight coordinates and must respect the
weight. An additional condition is that all the non-zero weight coordinates that are Grassmann even must be
‘cylindrical’. In precise terms, it means that the associated weight vector field is complete [15, Definition 2.2].
An important class of graded manifolds are those that carry non-negative grading. For the moment we
will only consider classical smooth manifolds, although the statements here will generalise to the category of
supermanifolds (see [29]). We will require that the grading on the structure sheaf of a (smooth) manifold F is
associated with a smooth action h : R × F → F of the monoid (R, ·) of multiplicative reals. Such an action is
referred to as a homogeneity structure in the terminology of Grabowski & Rotkiewicz [19]. This action, when
reduced to R>0, is the one-parameter group of diffeomorphism integrating the weight vector field, thus the
weight vector field is h-complete, see Grabowski [15, Definition 2.2]. As a consequence of this, all homogeneous
functions must be of non-negative integer weight. Thus, the algebra A(F ) ⊂ C∞(F ) spanned by homogeneous
functions is A(F ) =
⊕
i∈NA
i(F ), where Ai(F ) consists of homogeneous functions of degree i.
Importantly, for t 6= 0 the action ht is a diffeomorphism of F , and when t = 0 it is a smooth surjection
τ = h0 onto F0 =:M , with the fibres being diffeomorphic to R
N (or in the supercase RN |P ). Thus, the objects
obtained are particular kinds of polynomial bundles τ : F → M , i.e., fibrations which locally look like U × RN
(U ⊆ M open) and the changes of coordinates (for a certain choice of an atlas) are polynomials on RN . For
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this reason, graded manifolds with non-negative weights and h-complete weight vector fields ∆ ∈ Vect(F ) are
also known as graded bundles (see [19]).
On a graded bundle F , one can always choose an atlas consisting of charts for which we have homogeneous
local coordinates
(
xa, yI
)
, where w(xa) = 0. It is convenient to add a redundant index w to indicate the weight
of yI . So our coordinates will be
(
xa, yIw
)
, where w(yIw) = w with 1 ≤ w ≤ k, for some k ∈ N known as the
degree of the graded bundle. Note that, according to this definition, a graded bundle of degree k is automatically
a graded bundle of degree l for l ≥ k. However, there is always a minimal degree. A little more explicitly, the
changes of local coordinates are of the form
xa
′
= xa
′
(x), yI
′
w =
∑ 1
n!
yJ1w1y
J2
w2
· · · yJnwnT
I′
Jn···J2J1 (x),(2.4)
where w = w1 + . . . + wn and we assume the tensors T
I′
Jn···J2J1
to be graded-symmetric in lower indices.
Naturally, changes of coordinates are invertible and so, automatically,
(
T I
′
J (x)
)
is an invertible matrix. A
graded bundle of degree k admits a sequence of surjections
F = Fk
τk
k−1
−→ Fk−1
τ
k−1
k−2
−→ · · ·
τ32−→ F2
τ21−→ F1
τ1
−→ F0 = M,
where Fl itself is a graded bundle over M of degree l obtained from the atlas of Fk by removing all coordinates
of degree greater than l.
A homogeneity structure is said to be regular if and only if
d
dt
∣∣∣∣
t=0
ht(p) = 0 =⇒ p = h0(p) ∈M,
for all points p ∈ F (see [18]). Moreover, if the homogeneity structure is regular, then the graded bundle is, in
fact, a vector bundle. The converse is also true, and so naturally τ1 : F1 →M is a vector bundle.
Example 2.6. The fundamental example of a graded bundle is the higher tangent bundle TkM , i.e., the bundle
of k-th jets (at zero) of curves γ : R → M . Given a smooth function f on a manifold M , one can construct
functions f (α) on TkM , where 0 ≤ α ≤ k, which are referred to as the (α)-lifts of f (see [44]). These functions
are defined by
f (α)([γ]k) :=
dα
dtα
∣∣∣∣
t=0
f(γ(t)),
where [γ]k ∈ T
kM is the class of the curve γ : R → M . The smooth functions f (k) ∈ C∞
(
TkM
)
and
f (1) ∈ C∞
(
TM
)
are called the k-complete lift and the tangent lift of f , respectively. A coordinate system (xa)
on M gives rise to so-called adapted or homogeneous coordinate system (xa,(α))0≤α≤k on T
kM in which xa,(α)
are of weight α. Faa` di Bruno’s formula, i.e., repeated application of the chain rule, shows that the admissible
changes of adapted coordinates are of the form (2.4).
Moving on to the supermanifold case, if the Grassmann parity of the homogeneous local coordinates is given
by the weight mod 2, then we speak of an N-manifold (cf. [45, 47]). In this case h−1 acts as the parity operator,
i.e., it flips the sign of any Grassmann odd function.
In general, we will not assume that the Grassmann parity has any direct relation to the assignment of weight.
We only assume that the weight(s) and the Grassmann parity are compatible in the sense that the action of
the homogeneity structure and the parity operator commute, i.e, we can find local coordinates that have both
a well-defined weight and Grassmann parity.
Morphisms between graded bundles are smooth maps which preserve the weight, so we obtain the category
of graded bundles. In other words, morphisms relate the respective homogeneity structures, or equivalently
morphisms relate the respective weight vector fields.
Following [18, 19], the notion of double and n-fold graded bundles is clear: we have a (super)manifold equipped
with n ≥ 2 homogeneity structures that commute. For example, if we have a double graded bundle, then we
have two homogeneity structures, h1 and h2 (say), such that
h1s ◦ h
2
t = h
2
t ◦ h
1
s,
for all s and t ∈ R. If both the homogeneity structures are regular, then we have a double vector bundle. The
obvious statements hold for any number of regular homogeneity structures. For further details, the reader is
encouraged to consult [15, 19, 45, 47, 53].
2.3. Pseudo-Euclidean vector bundles. It is well known that any pseudo-Euclidean vector bundle
(
E, 〈, 〉
)
(in the category of smooth manifolds) has a minimal symplectic realisation as a symplectic N-manifold of degree
2 (see [45]). The supermanifold T∗ΠE – which is canonically fibred over Π(E ⊕ E∗) – is a bi-graded bundle,
where we use the phase-lift (see [15]) of the homogeneity structure on ΠE. By passing to the total weight
we obtain an N-manifold of degree 2 which carries a canonical symplectic structure. The minimal symplectic
realisation of the pseudo-Euclidean vector bundle, which we denote as F2, is given by the pullback of T
∗ΠE with
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respect to the embedding E →֒ E ⊕ E∗ given by X 7→
(
X, 〈12X, •〉
)
. In particular, the symplectic N-manifold
completes the following diagram.
F2 T∗ΠE
ΠE Π(E ⊕ E∗)
//
 
//
Furthermore, it is well known that one can always find affine Darboux charts consisting of local coordinates
(xa, ξi, pb) of weight 0, 1 and 2, respectively, such that the symplectic form is given by
(2.5) ω = dpadx
a +
1
2
dξigijdξ
j ,
where gij corresponds to the pseudo-Euclidean structure on E. In particular, the local coordinates ξ
i correspond
to local basis vectors ei ∈ Sec(E), chosen such that 〈ei, ej〉 = gij = constant. Note that the Grassmann parity of
the coordinates correspond to the weight mod 2. Thus, ξi are Grassmann odd, while xa and pb are Grassmann
even.
The changes of affine Darboux coordinates induced by change of local trivialisations of E,
xa
′
= xa
′
(x), ei′ = T
j
i′ (x)ej ,
such that T ji′ gjkT
k
l′ = gi′l′ = constant, are of the form
xa = xa(x′),(2.6)
ξi = ξj
′
T ij′ ,
pa =
(
∂xb
′
∂xa
)
pb′ +
1
2!
ξk
′
ξl
′
(
∂T nl′
∂xa
)
gnmT
m
k′ .
Note that, due to the ‘quadratic’ nature of the transformation law for the ‘momenta’ pa, we have a graded super
bundle of degree 2 for which the weight corresponds to the Grassmann parity of the coordinate.
In affine Darboux coordinates the associated non-degenerate Poisson bracket is given by
(2.7) {X,Y } =
∂X
∂pa
∂Y
∂xa
−
∂X
∂xa
∂Y
∂pa
+ (−1)X˜+1gij
∂X
∂ξj
∂Y
∂ξi
,
for X and Y ∈ A•(F2), where (g
ij) = (gij)
−1 is the inverse of the metric. Via affine Darboux coordinates, it is
clear that the Poisson bracket is of weight −2.
Functions of weight one on F2 are identified with sections of E
∗, noting the shift in Grassmann parity. As
we have a pseudo-Euclidean structure, we have the canonical identifications
A1(F2) ≃ Sec(E
∗) ≃ Sec(E),
of locally free C∞(M)-modules. More specifically, we have the natural identification A1(F2) ≃ Sec(E
∗) via the
one-to-one mapping ei 7→ ξi, where (ei) is a local basis of Sec(E∗). Note that this mapping is Grassmann odd,
but that this does not affect the module structure at all as we are considering the underlying structure of a
vector bundle in the category of manifolds. We can then use the metric to raise and lower indices. That is, we
have a diffeomorphism
ΠE∗ ≃ ΠE,
given by
χj = ξ
igij ,
where χj serve as fibre coordinates on ΠE
∗. Thus any section of E∗ can be considered as a section of E by
writing
σ = ξiσi(x) = g
jiσi(x)χj .
The converse identification is clear. Throughout this paper, we will use this identification of sections of E and
E∗ with weight one functions on F2.
Remark 2.7. The preceding constructions generalise to super vector bundles quite directly via minor modi-
fications. Consider a vector bundle E → M in the category of (smooth) supermanifolds. As before one can
apply the parity reversion functor. The vector bundle ΠE ≃ F1 can be equipped with local coordinates (x
a, ξi)
as before, but now we allow these coordinates to be even or odd independently of the degree. In particular,
xa serve as coordinates on M which is now a supermanifold itself. The supermanifold F2 is again assumed to
come equipped with an even symplectic form of weight 2. Due to a version of Darboux theorem, we can equip
F2 with additional coordinates pa which have the same parity as x
a, and the symplectic structure is locally of
the same form as (2.5). Note that as gij is constant, gij 6= 0 only if ξ
i and ξj have the same parity. Moreover,
gij = gji if the parity is odd and gij = −gji if this parity is even.
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Such symplectic forms correspond to even non-degenerate bilinear forms on Sec(E), or equivalently on
Sec(E∗), which are (locally) represented by gij . The inverse structure g
ij is again supersymmetric and even.
Note that the ‘evenness’ in this context implies that the even and odd subspaces of Sec(E) are orthogonal. In
the other direction, given a super vector bundle equipped with an even non-degenerate bi-linear form one can
construct the minimal symplectic realisation in the same way as the classical case. Thus, the local description is
more-or-less identical to the case of symplectic N-manifolds of degree 2, with the exception that the coordinates
may now take on various Grassmann parities and gij splits into skew-symmetric and symmetric parts. The only
real effect of passing to the underlying structure of a super vector bundle will be further sign factors in all the
local expressions.
2.4. Almost Lie algebroids. As we will encounter skew and almost Lie algebroids in this paper it is worth
recalling the definitions (see for example [17, 21]).
Definition 2.8. A skew algebroid is a triple (E, ρ, [−,−]) where:
(1) π : E →M is a vector bundle (in the category of supermanifolds);
(2) ρ : E → TM is a vector bundle morphism covering the identity on M , known as the anchor;
(3) [−,−] : Sec(E) × Sec(E)→ Sec(E) is a (graded) skew-symmetric bilinear map, i.e.,
[u, v] = −(−1)u˜v˜[v, u],
such that the Leibniz rule
[u, f v] = ρ(u)(f) v + (−1)f˜ u˜f [u, v],
holds for all u and v ∈ Sec(E) and f ∈ C∞(M). An almost Lie algebroid is a skew algebroid such that the
further condition:
(4) ρ([u, v]) = [ρ(u), ρ(v)],
holds for all u and v ∈ Sec(E). That is, the bracket and anchor are compatible.
Note that we do not insist that the bracket on the space of sections of a skew or almost Lie algebroid is a
Lie bracket, i.e., in general, the bracket will not satisfy the Jacobi identity. If the Jacobi identity holds for the
bracket on the space of sections of skew algebroid, then we, in fact, have a Lie algebroid. It should be noted
that the Jacobi identity for the bracket together with the Leibniz rule implies that the bracket and anchor are
compatible.
Recall that Lie algebroids can be described in terms of Q-manifolds following Va˘ıntrob [52]. In particular,
it is well known that a Lie algebroid structure on a (super) vector bundle E is equivalent to the existence of a
weight one homological vector field on the supermanifold ΠE. Skew algebroids and almost Lie algebroids can
also be formulated in similar terms. Specifically, a skew algebroid structure on a (super) vector bundle E is
equivalent to a Grassmann odd vector field of weight one on ΠE. Note that for skew algebroids there is no
further condition on the vector field. For the case of almost Lie algebroids, we need to encode the compatibility
of the bracket and the anchor. The reader can easily check the following proposition.
Proposition 2.9. There is a natural one-to-one correspondence between the two following classes of objects:
(1) almost Lie algebroid structures on the (super) vector bundle π : E →M ;
(2) odd vector fields dE of weight one on the supermanifold ΠE that satisfy
d2Ef = 0,
for all f ∈ C∞(M).
The bracket and anchor can be recovered using the derived bracket formalism of Kosmann-Schwarzbach [32].
We will also encounter almost Lie algebroids that carry a compatible non-negative grading (see [9, 10]). For the
purposes of this paper it will be convenient to use the following definition.
Definition 2.10. A weighted almost Lie algebroid of degree k is a double graded superbundle E(k−1,1) such that
the super vector bundle π : E(k−1,1) →M(k−1,0) is an almost Lie algebroid with the property that the bracket
is of weight −k, i.e., for two homogeneous sections of weight r1 and r2 the resulting bracket is a homogeneous
section of weight r1 + r2 − k.
Let us employ local coordinates
(
xαw, Y
Σ
w
)
on E(k−1,1), here we have split the coordinates into base and fibre
coordinates with respect to the vector bundle structure. Let us denote some chosen basis of the (local) sections
by (ewΣ). Then, a homogeneous section of weight r is locally of the form
u[r] = uΣ[r − 1− w](x, y)ewΣ ,
as we consider a basis element to carry weight (w, 1). Here the notation uΣ[r − 1 − w](x, y) means the ho-
mogeneous part of the component of weight r − 1 − w. If this component is seemingly of negative weight we
understand it to be zero.
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3. Symplectic almost Lie 2-algebroids and pre-Courant algebroids
3.1. Symplectic nearly and almost Lie 2-algebroids. Taking our cue from Roytenberg [45], we propose
the following (preliminary) definition.
Definition 3.1. A symplectic nearly Lie 2-algebroid consist of the following data:
(1) A degree 2 graded superbundle (F2, h);
(2) A nondegenerate Poisson bracket {−,−} of weight −2;
(3) An odd function Θ ∈ A3(F2).
Note that we do not require any further condition on the function Θ, in particular, we do not insist that the
classical master equation holds, i.e., in general {Θ,Θ} 6= 0. This means that the Hamiltonian vector field
QΘ = {Θ, − } ∈ Vect(F2),
is not in general homological. Thus, we will refer to Θ as a pre-homological potential. Moreover, we do not
insist that F2 be an N-manifold. Thus, the assignment of Grassmann parity and weight to geometric objects
on F2, e.g., functions and vector fields, may be quite independent.
Remark 3.2. We understand a Lie n-algebroid to be a graded superbundle of degree n equipped with a
Grassmann odd homological vector field of weight 1. As we are not restricting ourselves to N-manifolds these
supermanifolds also appear under the name non-linear Lie algebroids in the works of Voronov [53, 55]. Un-
derstanding Lie n-algebroids in terms of brackets and anchors is harder work than the classical case of Lie
algebroids, see Bonavolonta` & Poncin [7] for details. A symplectic Lie n-algebroid is then a Lie n-algebroid
equipped with a symplectic structure such that the homological vector field is a Hamiltonian vector field, see
Sˇevera [47, 48].
Remark 3.3. Recall that multivector fields on a manifold M can be identified with functions on the super-
manifold ΠT∗M , which is known as the anticotangent bundle. Note that all functions on the anticotangent
bundle of a manifold are automatically polynomial in the fibre coordinates. In particular, vector fields are
identified with linear functions on ΠT∗M which are necessarily Grassmann odd. The odd symplectic bracket
on ΠT∗M is identified, up to a shift in Grassmann parity, with the Schouten–Nijenhuis bracket on multivector
fields. Restriction of the odd symplectic bracket to linear functions is identified with the standard Lie bracket
on vector fields. One should keep the description of the Lie bracket on the space of vector fields on a smooth
manifold in terms of an odd symplectic bracket in mind when reading the rest of this paper, it will help to
explain some of our notation and the appearance of certain minus signs.
Sections of E are naturally identified with weight one functions on F2, i.e., A
1(F2) ≃ Sec(E) as locally
free C∞(M)-modules. We will refer to elements of A1(F2) as sections taking into account the already stated
identification. From the data of a symplectic nearly Lie 2-algebroid we construct the following structures on the
module of sections of E, using the derived bracket formalism (see Kosmann-Schwarzbach [31, 32] and Voronov
[54]). For any σ and ψ ∈ A1(F2), and f ∈ C
∞(M) we have:
(1) A Courant–Dorfman pre-bracket
[[σ, ψ]]Θ := (−1)
σ˜{{Θ, σ}, ψ};
(2) An anchor map ρΘ(−) : Sec(E)→ Vect(M)
ρΘ(σ)f := (−1)
σ˜{{Θ, σ}, f};
(3) A nondegenerate pairing 〈−,−〉 : Sec(E)× Sec(E)→ C∞(M)
〈σ, ψ〉 := {σ, ψ}.
Note that the Courant–Dorfman pre-bracket is not a Lie bracket. However, it is a derived bracket and as such
we have the following well-known results. First, we do not have the standard symmetry property, but rather
(3.1) [[σ, ψ]]Θ = −(−1)
(σ˜+1)(ψ˜+1)[[ψ, σ]]Θ + (−1)
σ˜{Θ, 〈σ, ψ〉}.
Note that we have to take into account the shift in Grassmann parity with the identification of sections of E
and weight one functions on F2. The Courant–Dorfman pre-bracket is closer to a Loday–Leibniz bracket than a
Lie bracket with respect to its symmetry (cf. Loday [27]). However, in general, we also lose the Jacobi identity.
The Jacobiator we define as the map
JΘ : A
1(F2)×A
1(F2)×A
1(F2) −→ A
1(F2)
given by
JΘ(σ, ψ, λ) := [[σ, [[ψ, λ]]Θ]]Θ − [[[[σ, ψ]]Θ, λ]]Θ−(−1)
(σ˜+1)(ψ˜+1)[[ψ, [[σ, λ]]Θ]]Θ
= (−1)ψ˜
1
2!
{{{{Θ,Θ}, σ}, ψ}, λ},(3.2)
for all σ, ψ and λ ∈ A1(F2). The Jacobiator is in general non-vanishing, as {Θ,Θ} 6= 0.
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Proposition 3.4. For any symplectic nearly Lie 2-algebroid the following identities hold:
(1) [[σ, f ψ]]Θ = ρΘ(σ)f ψ + (−1)
f˜(σ˜+1)f [[σ, ψ]]Θ ,
(2) ρΘ(σ)〈ψ, λ〉 = 〈[[σ, ψ]]Θ, λ〉+ (−1)
ψ˜(σ˜+1)〈ψ, [[σ, λ]]Θ〉 ,
for all σ, ψ and λ ∈ A1(F2) and f ∈ C
∞(M).
Proof. The first equation follows directly from the Leibniz rule for the Poisson bracket. The second equation
follows from the Jacobi identity for the Poisson bracket. 
In general, we lose compatibility of the anchor map with the pre-bracket structure. Via direct computation,
following what is known about standard Lie algebroids, we see that for any symplectic nearly Lie 2-algebroid
(3.3) JΘ(σ, ψ, f λ)− (−1)
f˜(ψ˜+σ˜)f JΘ(σ, ψ, λ) = [ρΘ(σ), ρΘ(σ)]f λ − ρΘ ([[σ, ψ]]) f λ.
This implies that we have compatibility of the anchor map and the Courant–Dorfman pre-bracket if the Jacobi
identity is satisfied, i.e., {Θ,Θ} = 0. However, we can derive a more general condition on the pre-homological
potential that still allows for the compatibility of the anchor and Courant–Dorfman pre-bracket.
Proposition 3.5. For any symplectic nearly Lie 2-algebroid the following identity holds:
(3.4) [ρΘ(σ), ρΘ(ψ)]f − ρΘ ([[σ, ψ]]Θ) f =
1
2
(−1)f˜(σ˜+ψ˜)+ψ˜{{{{Θ,Θ}, f}, σ}, ψ},
for all σ and ψ ∈ A1(F2), and f ∈ C
∞(M). In particular, the anchor and the Courant–Dorfman pre-bracket
are compatible if and only if {{Θ,Θ}, f} = 0 for all f ∈ C∞(M).
Proof. Equation (3.4) follows from direct evaluation of the left-hand side of (3.3) in terms of the Poisson bracket
with the use of the Jacobi identity. The calculation is not illuminating and so we omit details. It is clear that
if {{Θ,Θ}, f} = 0, then the right-hand side of (3.4) is zero.
In the other direction, we can use affine Darboux coordinates (x, ξ, p) (see Subsection 2.3 and Remark 2.7).
In affine Darboux coordinates, the pre-homological potential is given by
Θ = ξiQai (x)pa +
1
3!
ξiξjξkQkji(x).
Thus, using (2.7), we observe that {{Θ,Θ}, f} is of the form
A := F a(x)pa +
1
2
ξiξjGji(x),
which is of weight 2. Hence, it is sufficient to consider {{A,χi}, χj} = ±Gij = 0 and {{A, x
aξk}, ξk} =
1
2F
a{ξk, ξk} = 0, where χi := ξ
jgji. Non-degeneracy of the Poisson bracket – specifically the fact that we can
assume that {ξi, ξj} = ±δij – implies that {{Θ,Θ}, f} = 0 as required. 
The considerations above suggest the following refinement of the notion of a symplectic nearly Lie 2-algebroid
in order to capture the compatibility of the anchor map with the Courant–Dorfman pre-bracket.
Definition 3.6. A symplectic almost Lie 2-algebroid is a symplectic nearly Lie 2-algebroid (Definition 3.1) with
the further condition that
{{Θ,Θ}, f} = 0,
for all f ∈ C∞(M).
The Jacobiator associated with the Courant–Dorfman pre-bracket on a symplectic almost Lie 2-algebroid has
some interesting properties which we state in the following two propositions.
Proposition 3.7. Let JΘ be the Jacobiator associated with a symplectic almost Lie 2-algebroid. Then JΘ is
totally (graded) skew-symmetric, i.e.,
JΘ(σ, ψ, λ) = −(−1)
(σ˜+1)(ψ˜+1)JΘ(ψ, σ, λ) = −(−1)
(ψ˜+1)(λ˜+1)JΘ(σ, λ, ψ),
for all σ, ψ and λ ∈ A1(F2).
Proof. Directly from the definition of the Jacobiator and application of the Jacobi identity for the Poisson
bracket, we have
JΘ(σ, ψ, λ) + (−1)
(σ˜+1)(ψ˜+1)JΘ(ψ, σ, λ) = (−1)
ψ˜{{Σ, {σ, ψ}}, λ},
where we use the shorthand Σ = 12{Θ,Θ}. As {ψ, σ} = 〈ψ, σ〉 is a function on M , the right-hand side of the
above vanishes (see Definition 3.6). Directly from the Jacobi identity we have
JΘ(σ, ψ, λ) + (−1)
(ψ˜+1)(λ˜+1)JΘ(σ, λ, ψ) = (−1)
ψ˜{{Σ, σ}, {ψ, λ}}.
Using the skew-symmetry of the Poisson bracket and the Jacobi identity again, we arrive at
JΘ(σ, ψ, λ) + (−1)
(ψ˜+1)(λ˜+1)JΘ(σ, λ, ψ) = (−1)
ψ˜ ({Σ, {σ, {ψ, λ}}} − {σ, {Σ, {ψ, λ}}}) = 0,
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as {σ, {ψ, λ}} vanishes due to the weights of σ, ψ, and λ, and the other term vanishes as {ψ, λ} is a function on
M , i.e., from Definition 3.6, {Σ, {ψ, λ}} = 0. 
A section σ of a symplectic almost Lie 2-algebroid with pre-homological potential Θ is said to be QΘ-closed
if QΘσ = 0. Similarly, a section σ is said to be QΘ-exact if there exists some f ∈ C
∞(M) such that σ = QΘf .
From Definition 3.6 it follows that any QΘ-exact section is automatically QΘ-closed. Using Proposition 3.5 and
Proposition 3.7 we arrive at the following results.
Proposition 3.8. Let JΘ be the Jacobiator associated with a symplectic almost Lie 2-algebroid. Then
(1) JΘ is C
∞(M)-linear in each argument, and
(2) JΘ vanishes if at least one of its arguments is QΘ-closed.
Remark 3.9. Proposition 3.7 and part (1) of Proposition 3.8 were first proved by Liu, Sheng & Xu [39] in a
traditional framework. We remark that using supermanifolds and the derived bracket construction simplifies
the proofs of these statements significantly.
3.2. The relation with pre-Courant algebroids. The notion of a symplectic almost Lie 2-algebroid is
closely related to the notion of a pre-Courant algebroid as defined by Vaisman [51]. Indeed we have the
following theorem, which is a minor modification of the theorem of Roytenberg [45, Theorem 4.5]. In order to
keep this paper relatively self-contained, we will reproduce the main elements of Roytenberg’s arguments.
Theorem 3.10. There is a one-to-one correspondence between symplectic almost Lie 2-algebroids for which F2
is an N-manifold and pre-Courant algebroids.
Proof. In one direction the correspondence is clear. From a symplectic almost Lie 2-algebroid we construct
a pre-Courant algebroid structure on E ≃ ΠF1 ≃ E
∗ (see Subsection 2.1 and Subsection 2.3). In particular,
Proposition 3.5 corresponds to Definition 2.2 (1); (3.1) corresponds to Definition 2.2 (2); and the second equa-
tion of Proposition 3.4 corresponds to Definition 2.2 (3). One has to take a little care with the sign factors
remembering that the Grassmann parity and weight coincide (mod 2).
In the other direction, there is a one-to-one correspondence between pseudo-Euclidean vector bundles (in the
category of smooth manifolds) and symplectic graded bundles of degree 2 for that have the underlying structure
of an N-manifold (see Subsection 2.3 and/or [45, 48]). The non-degeneracy of the Poisson bracket means
that given a Courant–Dorfman pre-bracket, as a derived (pre-)bracket, it uniquely defines the pre-homological
potential Θ. More specifically, in affine Darboux coordinates (xa, pb, ξ
i) any weight 3 pre-homological potential
must be of the form
Θ = ξiQai (x)pa +
1
3!
ξiξjξkQkji(x).
Then, using the Poisson bracket (2.7), one can directly deduce the relations between the pre-bracket and pairing,
and the pre-homological potential:
〈[[χi, χj ]]Θ, χk〉 = Qijk, ρΘ(χi) = Q
a
i
∂
∂xa
,
where we set χi := ξ
jgji and remembering that gij = constant in this privileged class of coordinates. These
local formulas are of course no different from the standard ones for Courant algebroids following Roytenberg
[45]. Thus, given a pre-Courant algebroid (in the category of manifolds), we can locally construct Θ. More than
this, one can directly check that this construction is, in fact, global by examining the permissible coordinate
changes (2.6).
One can also deduce the structure equations for a symplectic almost Lie 2-algebroid (assuming F2 is an
N-manifold)
Qbi
∂Qaj
∂xb
−Qbj
∂Qai
∂xb
− glmQmijQ
a
l = 0, g
ijQajQ
b
i = 0.
These equations hold if and only if we have a pre-Courant algebroid structure (see Proposition 3.5 and (??)). 
Nomenclature. Due to Theorem 3.10, we will use the terms pre-Courant algebroid and symplectic almost Lie
2-algebroid interchangeably in the rest of this paper. In particular, we will use symplectic almost Lie 2-algebroids
to define pre-Courant algebroid structures on super vector bundles (see Subsection 2.3 and in particular Remark
2.7).
3.3. Examples of pre-Courant algebroids. In this subsection, we present examples of pre-Courant alge-
broids generally obtained by modifying some of the well-known examples of symplectic Lie 2-algebroids.
Example 3.11. Continuing Example 2.4, consider T∗ΠR7 which we equip with coordinates (ξi, πj) of bi-weight
(1, 0) and (0, 1) respectively. By passing to total weight, it is clear that the canonical Poisson bracket is of total
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weight −2. Moreover, we have {ξi, πj} = δ
i
j and so we recover the standard Euclidean metric on R
7. The
pre-homological potential in this example is given by
Θ =
1
2
ξiξjǫjikδ
klπl.
A quick calculation shows that
[[πi, πj ]]Θ =
∑
k
ǫijkπk.
Thus, being careful with the shift in Grassmann parity, we recover the seven-dimensional cross product. As
the seven-dimensional cross product does not satisfy the Jacobi identity, {Θ,Θ} 6= 0. As there are no non-zero
functions of weight zero on T∗ΠR7, it is clear that we have a ‘symplectic almost Lie 2-algebra’.
Example 3.12. Let E →M be a vector bundle in the category of smooth manifolds. Consider the superman-
ifold T∗ΠE, which we equip with homogeneous local coordinates
( xa︸︷︷︸
(0,0)
, ξi︸︷︷︸
(1,0)
, pb︸︷︷︸
(1,1)
, πj︸︷︷︸
(0,1)
).
Here we have used the phase lift of the natural degree-one homogeneity structure on ΠE to define the graded
structure on the cotangent bundle. By passing to total weight we obtain a degree 2 symplectic graded bundle.
Let us further assume that E is a Lie algebroid, and so (ΠE, dE) is a Q-manifold. The symbol (or Hamiltonian)
of the homological vector field dE is given by
θ := ξiQai (x)pa +
1
2!
ξiξjQkji(x)πk ,
and this provides a homological potential on T∗ΠE. Thus, we have a symplectic Lie 2-algebroid structure
canonically associated with the underlying Lie algebroid structure on E. Next we chose some Lie algebroid
3-form
α =
1
3!
ξiξjξkQkji(x),
which we do not assume to be dE-closed. We can build a pencil of pre-homological potentials by defining
Θs = θ + s α,
with s ∈ R. A simple calculation shows that for all f ∈ C∞(M)
{Θs, {Θs, f}} = s{{θ, α}, f} = 0,
as {θ, α} is a Lie algebroid form, i.e. there are no conjugate variables in the final expression. Thus, we obtain
a family of symplectic almost Lie 2-algebroids. If the 3-form is closed, then we obviously obtain a family of
twisted Courant algebroids.
Example 3.13. Similarly to the previous example, suppose that E comes with the structure of an almost Lie
algebroid. Furthermore, let us suppose that E∗ also comes with the structure of an almost Lie algebroid (see
Proposition 2.9). In terms of Hamiltonian functions on T∗ΠE we have
θ := ξiQai (x)pa +
1
2
ξiξjQkji(x)πk, ν := Q
ai(x)πipa +
1
2
ξkQ
ij
k (x)πjπi,
which are of bi-weights (2, 1) and (1, 2), respectively, thus both are of total weight 3. Then,
Θs = θ + s ν,
with s ∈ R provides T∗ΠE with the structure of a pencil of pre-homological potentials. Now suppose {θ, ν} = 0,
that is we have an almost Lie bi-algebroid (cf. [30, 45, 53]), then a direct calculation shows that
{{Θs,Θs}, f} = 0,
for all f ∈ C∞(M). Thus, given an almost Lie bi-algebroid we can construct a family of symplectic almost Lie
2-algebroids.
Example 3.14. Consider a skew algebra (g, [•, •]) (i.e., a vector space equipped with a bracket satisfying the
usual axioms of Lie algebras except for the Jacobi identity) and an action thereof on a manifoldM . We describe
the action in the following way. First, we consider the N-manifold
F2 := T
∗M ×Πg×Πg∗,
which we equip with local coordinates
( xa︸︷︷︸
0
, pb︸︷︷︸
2
, ξi︸︷︷︸
1
, πj︸︷︷︸
1
).
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The degree −2 Poisson bracket is just the canonical Poisson bracket on F2 ≃ T
∗(M ×Πg). The pre-homological
potential is given by
Θ = −ξiQai (x)pa +
1
2!
ξiξjQkjiπk,
where Qai describe the action and Q
k
ji are the structure constants of the skew algebra. The minus sign is to
ensure we have a right action. We can view ψ = ψiπi as an element of g (once we shift the parity) and write
the action as
ρΘ(ψ) = ψ
iQai (x)
∂
∂xa
.
A simple calculation shows that {Θ, {Θ, f}} = 0 for all f ∈ C∞(M) and so we have a symplectic almost Lie
2-algebroid. The compatibility of the anchor and the pre-bracket means
[ρΘ(ψ1), ρΘ(ψ2)] = ρΘ([[ψ1, ψ2]]Θ).
That is, the action still provides a representation although we have lost the Jacobi identity for the ‘bracket
algebra’.
Example 3.15. In [5] it was shown how a contravariant version of generalised geometry can be constructed
starting from a Poisson manifold, their motivation was to construct a ‘stringy background’ with R-flux. We can
weaken the constructions slightly and obtain a ‘contravariant pre-Courant algebroid’. Let (M,P) be a Poisson
manifold. Here we understand the Poisson structure as a function P ∈ A2(ΠT∗M) such that [[P ,P ]]SN = 0.
The bracket here is the canonical Schouten–Nijenhuis bracket. We then pass to the Hamiltonian vector field
associated with the Poisson structure and then consider the symbol (or Hamiltonian) of the resulting vector
field. In short, we have
P =
1
2
Λab(x)x∗bx
∗
a 7→ θ := Λ
ab(x)x∗bpa −
1
2
πc
∂Λab
∂xc
(x)x∗bx
∗
a ∈ A
3(T∗ΠT∗M),
where we have employed local coordinates (xa, x∗b , pc, π
d) of total weight 0, 1, 2 and 1 respectively on T∗ΠT∗M .
Note that θ is the symbol of the tangent lift dT P modulo the Tulczyjew isomorphism T
∗ΠTM ≃ T∗ΠT∗M (see
[20]), and that {θ, θ} = 0 is equivalent to P being a Poisson structure, i.e., [[P ,P ]]SN = 0. Thus, we have a
symplectic Lie 2-algebroid and so a genuine Courant algebroid.
Now we add ‘R-flux’ R ∈ A3(ΠT∗M) to the mix. We do not assume any compatibility condition between
this ‘R-flux’ and the Poisson structure, usually it is assumed that [[P ,R]]SN = 0. We then define a pre-Courant
algebroid structure via the pre-homological potential
ΘR := θ +R = Λ
ab(x)x∗bpa −
1
2
πc
∂Λab
∂xc
(x)x∗bx
∗
a +
1
3!
Rabc(x)x∗cx
∗
bx
∗
a.
Note that
{{θ,R}, f} = 0,
for all f ∈ C∞(M), even if we do not have {θ,R} = 0, as there are no conjugate variables present in the final
expression. Similar reasoning shows that {{R,R}, f} = 0. Thus,
{{ΘR,ΘR}, f} = {{θ, θ}, f}+ 2{{θ,R}, f}+ {{R,R}, f} = 0,
for all f ∈ C∞(M). We thus has the structure of a pre-Courant algebroid.
Counter Example 3.16. Modifying Example 3.15 slightly, let us start with a quasi-Poisson structure, that is
a function P ∈ A2(ΠT∗M), but now [[P ,P ]]SN 6= 0. As before we have
Θ := Λab(x)x∗bpa −
1
2
πc
∂Λab
∂xc
(x)x∗bx
∗
a ∈ A
3(T∗ΠT∗M).
Clearly, we do not have a Courant algebroid structure, but do we have a pre-Courant algebroid structure? The
answer is no. A direct calculation shows that
{Θ, {Θ, f}} =
1
2
(
Λbc
∂Λad
∂xc
− Λdc
∂Λab
∂xc
− Λac
∂Λbd
∂xc
)
x∗dx
∗
b
∂f
∂xa
,
for any f ∈ C∞(M). Thus, we must require P ∈ A2(ΠT∗M) to be Poisson if the above is to vanish, and so
{Θ,Θ} = 0. That is, given a quasi-Poisson structure we can build a symplectic nearly Lie 2-algebroid, but not
a pre-Courant algebroid, i.e., a symplectic almost Lie 2-algebroid.
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3.4. Sub-Dirac structures and almost Lie algebroids. Example 3.13 leads us to the following observation.
Proposition 3.17. The cotangent bundle of any almost Lie algebroid E is canonically a pre-Courant algebroid.
Proof. This follows from Example 3.13 by equipping the dual vector bundle E∗ with the trivial Lie algebroid
structure. That is, we consider the Hamiltonian on T∗ΠE with θ 6= 0 and ν = 0. 
The above proposition and the previous examples show that pre-Courant algebroids are to almost Lie al-
gebroids what Courant algebroids are to Lie algebroids. The converse, via Dirac structures, is also true. Our
general understanding of Dirac structures comes from Sˇevera [47, 48].
Definition 3.18. Let (F2, h, {, },Θ) be a symplectic almost Lie 2-algebroid. A sub-Dirac structure is a graded
subbundle ι : D →֒ F2 over M0 := h0(D) such that:
(1) D is isotropic;
(2) QΘ is tangent to D.
Moreover, if the isotropic subbundle is maximal, then we speak of a Dirac structure.
Proposition 3.19. If D is a sub-Dirac structure, then the vector bundle L defined by Sec(L) ≃ A1(D) is an
almost Lie algebroid.
Proof. The condition that QΘ is tangent to D ensures that A
1(D) is closed under the Courant–Dorfman pre-
bracket. Because D is an isotropic subbundle, restriction of the pre-bracket to sections of D is skew-symmetric,
see (3.1). Taking into account the shift in Grassmann parity of elements of A1(D), we see that the axioms of
Definition 2.8 are satisfied. 
Remark 3.20. Proposition 3.19 was first discovered by Gru¨tzmann & Xu [24, page 4] in the context of sub-
Dirac structure supported over all of M . Sheng & Liu [49] showed that for H-twisted Courant algebroids, Dirac
structures are H-twisted Lie algebroids (also see [23, 25]).
Example 3.21 (Adapted from [16]). Consider the supermanifold T∗ΠE which we equip with local coordinates
( xa︸︷︷︸
(0,0)
, ξi︸︷︷︸
(1,0)
, pb︸︷︷︸
(1,1)
, πj︸︷︷︸
(0,1)
),
where we have used the phase lift of the natural degree one homogeneity structure on ΠE to define the graded
structure on the cotangent bundle. We can then pass to total weight and clearly, we have a degree 2 symplectic
graded bundle, we will assume that we have an N-manifold and so E is a vector bundle in the category of
smooth manifolds. Furthermore, let us assume that we have a projectable pre-homological potential that defines
a pre-Courant algebroid structure. By projectable we mean that the odd vector field QΘ = {Θ,−} is projectable
to ΠE. The projectability directly implies that the pre-homological potential is of the local form
Θ = ξiQai (x)pa +
1
2!
ξiξjQkji(x)πk +
1
3!
ξiξjξkQkji(x) := Θ(2,1) +Θ(3,0).
Clearly, ΠE ⊂ T∗ΠE is a Dirac structure and E is an almost Lie algebroid via Proposition 2.9. It is obvious
that Θ = 0 on ΠE∗.
Now let us look for another Dirac structure in T∗ΠE. Consider a bi-vector field Λ = 12Λ
ij(x)πjπi which we
view as a function on the supermanifold ΠE∗. Associated with any bi-vector is the Lagrangian submanifold
ιΛ : DΛ →֒ T
∗ΠE given in local coordinates as
ξi ◦ ιΛ = {Λ, ξ
i}, pa ◦ ιΛ = {Λ, pa}.
Direct calculation (which is not illuminating) gives
Θ ◦ ιΛ =
1
2
{Λ, {Λ,Θ(2,1)}}+
1
3!
{Λ, {Λ, {Λ,Θ(3,0)}}}.
As DΛ is a Dirac structure if and only if Θ ◦ ιΛ = 0, we see that DΛ is a Dirac structure if and only if Λ is a
twisted Poisson structure on the almost Lie algebroid E (see [33] and references therein).
Example 3.22. In relation to the previous example, let us now consider the graph of a ‘two from’ α =
1
2!ξ
iξjαji(x), which we consider as a function on ΠE. Associated with any two form is the Lagrangian subman-
ifold ια : Dα →֒ T
∗ΠE given in local coordinates as
pa ◦ ια =
∂α
∂xa
, πi ◦ ια =
∂α
∂ξi
.
Thus, we see that
Θ ◦ ια = ξ
iQai
∂α
∂xa
+
1
2!
ξiξjQkji
∂α
∂ξk
+
1
3!
ξiξjξkQkji ,
so Dα is a Dirac structure if and only if dEα+Θ(3,0) = 0.
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3.5. The standard quasi-cochain complex. In light of Theorem 3.10, we see that given any pre-Courant
algebroid we can construct a quasi-cochain complex.
Definition 3.23. The standard quasi-cochain complex of a pre-Courant is defined as the quasi-cochain complex
(A•(F2), QΘ = {Θ,−}) .
The standard quasi-cochain complex is not, in general, a cochain complex as Q2Θ 6= 0. The above definition
also holds equally as well for more general ‘non-homological Courant algebroids’ (i.e., symplectic nearly Lie
2-algebroids), but we will restrict our attention to pre-Courant algebroids. When we are dealing with genuine
Courant algebroids we have the standard cochain complex as defined by Roytenberg [45].
However, pre-Courant algebroids do have a well defined zeroth and first standard cohomology groups, as
Q2Θ(f) = 0 for all f ∈ A
0(F2) ≃ C
∞(M). These cohomology groups have the same interpretation as the
standard cohomology of a Courant algebroid (cf. [45]). The zeroth standard cohomology group H0st(E) consists
of functions onM that are constant along the leaves of the characteristic foliation, which is defined as the image
of the anchor. The first standard cohomology group H1st(E) consists of sections of E that are in the kernel of
the anchor, modulo QΘ-exact sections. The higher cohomology groups are not defined.
Recall that associated with any pre-Courant algebroid we also have the na¨ıve quasi-cochain complex, see
Definition 2.5. In order to reformulate the na¨ıve quasi-cochain complex in terms of symplectic nearly Lie
2-algebroids, we first define the map
ιΘ : C∞(M)×Ak(F2)→ A
k−1(F2),
(f,X) 7→ ιΘf X := (−1)
f˜{{Θ, f}, X}.
We then define
Lk(F2) :=
{
α ∈ Ak(F1) ⊂ A
k(F2) | ι
Θ
f α = 0 for all f ∈ C
∞(M)
}
.
Note that L1(F2) consists of all κ ∈ A
1(F1) such that {{Θ, κ}, f} = 0 for all f . Thus, for k = 1 we simply have
the kernel of the anchor.
Proposition 3.24. Given any symplectic almost Lie 2-algebroid (F2, {·, ·},Θ), the pair (L
•(F2), QΘ) is a
quasi-cochain complex.
Proof. We just need to show that L•(F2) is closed with respect to QΘ. Via direct application of the Jacobi
identity, it is a straightforward exercise to show that
ιΘf (QΘα) + (−1)
f˜QΘ(ι
Θ
f α) = {{Θ, {Θ, f}}, α}.
Then we see that ιΘ and QΘ commute if and only if we deal with a pre-Courant algebroid. Thus, if α is in
L•(F2) then so is QΘα. 
Remark 3.25. It is important to note that we do not obtain a quasi-cochain complex in this way for symplectic
nearly Lie 2-algebroids.
For the sake of simplicity and clarity, let us consider pre-Courant algebroids in the category of purely even
manifolds only. Much like the case of standard Courant algebroids we have the following theorem.
Theorem 3.26. There exists a quasi-cochain map between the na¨ıve quasi-cochain complex and the standard
quasi-cochain complex associated with any pre-Courant algebroid for which the Grassmann parity and weight
coincide (mod 2).
Proof. Clearly, we have a module homomorphism between Sec(∧kE∗) and Ak(F1). Moreover the conditions
iDfΨ = 0 and ι
Θ
f α = 0 (where α is the image of Ψ under the aforementioned module homomorphism) are
equivalent and so we obtain a module homomorphism
φ : Ck(E)→ Lk(F2).
The only thing to prove is that D and QΘ are φ-related. However, this follows from the same arguments given
by Stie´non & Xu [50] with only minor changes due to the fact that we use a non-skewsymmetric pre-bracket.
It is sufficient to consider the k=1 case and identify Ψ ∈ Sec(E∗) as an element of Sec(E) using the pseudo-
Euclidean structure. The general case follows from the Leibniz rule and linearity. Now, it is a simple exercise
to show that
〈Ψ ◦ e1, e2〉 − DΨ(e1, e2) = ρ(e2)〈Ψ, e1〉 − 〈e2 ◦Ψ, e1〉 − 〈Ψ, e2 ◦ e1〉
+ 〈D〈e2,Ψ〉, e1〉 − ρ(e1)〈Ψ, e1〉+ 〈Ψ,D〈e1, e2〉〉,
where we have used e1 ◦ e2 + e2 ◦ e1 = D〈e1, e2〉. Then, using the definition of i
Θ
DfΨ, we obtain
〈Ψ ◦ e1, e2〉 − DΨ(e1, e2) = ρ(e2)〈Ψ, e1〉 − 〈e2 ◦Ψ, e1〉 − 〈Ψ, e2 ◦ e1〉+ ρ(Ψ)〈e1, e2〉.
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As Ψ ∈ C1(E), the final term of the above vanishes. Note that under the module homomorphism φ we have
the identification (with minor abuse of notation)
〈Ψ ◦ e1, e2〉 ≃ {{{Θ,Ψ}, e1}, e2}.
This we can identify the two quasi-differentials, i.e.,
DΨ ≃ {Θ,Ψ},
and thus we have a quasi-cochain map. 
From the expression for the Jacobiator (3.2), it is clear that if
(3.5) JΘ(κ,−,−) = 0,
for all κ ∈ L1(F2) ⊂ A
1(F1), then (L
•(F2), QΘ) is a cochain complex. The resulting cohomology, following [39],
we refer to as the na¨ıve cohomology. Note that we do not, in general, require that Q2Θ = 0 on the whole of
A•(F2), and so we are not forced to consider Courant algebroids.
The condition on the Jacobiator (3.5) is quite restrictive, but not prohibitively so. In particular, twisted
Courant algebroids (see [25]) are natural examples of pre-Courant algebroids that have a well-defined na¨ıve
cohomology.
4. Pre-Courant algebroids with an additional grading
4.1. Weighted pre-Courant algebroids. Following the definition of a weighted (almost) Lie algebroid (Defi-
nition 2.10), the notion of a weighted pre-Courant algebroid is intuitively clear. In order to encode this structure
in an economical way, we take the following definition.
Definition 4.1. A weighted pre-Courant algebroid of degree k is a symplectic almost Lie 2-algebroid equipped
with an additional compatible homogeneity structure of degree k − 1.
To be more explicit, we have:
(1) A double graded (super) bundle (F := F(k−1,2), l, h), where the homogeneity structures are of degree
k − 1 and 2 respectively.
(2) A nondegenerate Poisson bracket {·, ·} on the double graded bundle of bi-weight (1− k,−2).
(3) A pre-homological potential Θ ∈ A(k−1,3)(F ), such that {{Θ,Θ}, f} = 0 for all f ∈ A(•,0)(F ).
The construction of the Courant–Dorfman pre-bracket, the anchor map and the pairing remains formally the
same as before (see Subsection 3.1). However, we now understand A(•,1)(F ) to be closed under the Courant–
Dorfman pre-bracket. Note that A(•,1)(F ) has a module structure over A(•,0)(F ), and thus we can identify
A(•,1)(F ) with the sections of the graded vector bundle π : F(k−1,1) → F(k−1,0), identified with its dual with the
use of the pseudo-Euclidean structure. Just by counting the weights, we see that
(4.1) [[A(p,1)(F ),A(q,1)(F )]]Θ ⊂ A
(m,1)(F ),
where m = p+ q − k + 1. The anchor can be considered as a map
ρΘ : A
(p,1)(F )→ Vect(F(k−1,0)),
where ρΘ(σ) is homogeneous and of weight p+ 1 − k. The pseudo-Euclidean structure can be considered as a
map
〈 , 〉 : A(p,1)(F )×A(q,1)(F )→ A(m,0)(F ),
where again m = p+ q − k + 1. Note that if p + q − k < 1, then both the Courant–Dorfman pre-bracket and
the pairing take the value zero. Extension to inhomogeneous sections is via linearity.
We can always employ affine Darboux coordinates
(
xAw , p
w
B, ξ
I
w
)
on F(k−1,2). Notationally, we understand
the additional label to represent the weight with respect to the homogeneity structure l : R × F → F , thus
0 ≤ w < k. Because we have employed the phase lift, xAw and p
k−w−1
B are conjugate coordinates. It is clear that
the pre-homological potential must be of the form
Θ = ξIwQ
A
I [w
′ − w](x)pk−w
′−1
A +
1
3!
ξIwξ
J
w′ξ
K
w′′QKJI [k − 1− w − w
′ − w′′](x).
Here QAI [•] and QKJI [•] are the homogeneous pieces of the structure functions. Any expression that is seemingly
negative in weight is understood to be zero. Via inspection, we arrive at the following proposition.
Proposition 4.2. The anchor map of a weighted pre-Courant algebroid can be considered as a morphism in
the category of double graded (super)bundles
ρΘ : F(k−1,1) → ΠTF(k−1,0),
where the homogeneity structures on the antitangent bundle arise from the tangent lift of the homogeneity
structure on F(k−1,0) and the natural regular homogeneity structure associated with any tangent bundle.
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The degree 1 case is just the theory of symplectic almost Lie 2-algebroids, and so via Theorem 3.10 covers
the standard theory of pre-Courant algebroids. The degree 2 case covers VB-Courant algebroids (cf. [38]).
Theorem 4.3. Let (F2, h, { , },Θ) be a pre-Courant algebroid. Then the higher tangent bundle T
k−1F2 is
canonically a weighted pre-Courant algebroid of degree k.
Proof. Clearly, Tk−1F2 is a double graded bundle where the homogeneity structures are the natural one on a
higher tangent bundle and the prolongation of the homogeneity structure on F2 (see Example 2.6). Thus we
can employ natural local coordinates
( xaǫ︸︷︷︸
(ǫ,0)
, ξiǫ︸︷︷︸
(ǫ,1)
, pǫb︸︷︷︸
(ǫ,2)
),
on Tk−1F2. Here 0 ≤ ǫ < k denotes the weight which we understand as coming from the ‘number of derivatives’
of the original coordinates on F2. The Poisson bracket also lifts (see [36]) with the conjugate variables being
(xaǫ , p
δ
b) and (ξ
i
ǫ, ξ
j
δ), where δ = ǫ−k+1. Thus we have a non-degenerate Poisson bracket of bi-weight (1−k,−2).
The higher tangent prolongation (or complete lift cf. [44]) of Θ to a function on Tk−1F2, which we denote as
Θ(c), is formally constructed in the same way as the classical case on purely even manifolds by taking derivatives.
It is not hard to see that Θ(c) is of bi-weight (k − 1, 3). Moreover, it follows that (again see [36])
{Θ(c),Θ(c)}Tk−1F2 = {Θ,Θ}
(c).
Note that {{Θ,Θ}}, f0} = 0 for any f0 ∈ C
∞(M) implies that {Θ,Θ} is independent of the momenta: this
is equivalent to the structure equations of the pre-Courant algebroid. Thus, we deduce that {Θc,Θc}Tk−1F2 is
similarly independent of the coordinates pǫ, that is we have a function on Tk−1F1. We then see that
{{Θ(c),Θ(c)}Tk−1F2 , f}Tk−1F2 = 0,
for all f ∈ A(Tk−1M), due to the lack of conjugate variables and conclude that we have the structure of a
weighted pre-Courant algebroid. 
Two immediate consequences of Theorem 4.3 are the following.
Corollary 4.4.
(1) The higher tangent bundle of order k − 1 of a Courant algebroid is a weighted Courant algebroid of
degree k;
(2) The tangent bundle of a (pre-)Courant algebroid is a weighted (pre-)Courant algebroid of degree 2.
Remark 4.5. As far as we are aware, the first proof that the tangent bundle of a Courant algebroid canonically
comes with the structure of a VB-Courant algebroid was given by Boumaiza & Zaalani [8] in the standard
classical framework. Li-Bland in his Ph.D. thesis [38] sketched a proof of this in the language of supermanifolds.
4.2. VB-Courant algebroids revisited. As a degree 1 (and so regular) homogeneity structure encodes a
vector bundle structure (see [18]), the natural definition of a VB-pre-Courant algebroid is as follows.
Definition 4.6. A VB-pre-Courant algebroid is a weighted pre-Courant algebroid of degree k = 2 (see Definition
4.1).
Restricting our attention to the k = 2 case, within A(•,1)(F ) there are two privileged modules over A(0,0)(F ),
A(1,1)(F ) and A(0,1)(F ). In the standard formulation of double vector bundles, A(1,1)(F ) corresponds to linear
sections, and A(0,1)(F ) corresponds to core sections of the dual of the double vector bundle F(1,1) over F(1,0).
By counting the weights (see (4.1)) we observe that
[[A(1,1)(F ),A(1,1)(F )]]Θ ⊂ A
(1,1)(F ), [[A(1,1)(F ),A(0,1)(F )]]Θ ⊂ A
(0,1)(F ), [[A(0,1)(F ),A(0,1)(F )]]Θ = 0.
Thus, the Courant–Dorfman pre-bracket is linear. Moreover, Proposition 4.2 implies that the anchor, thought
of as a map F(1,1) → TF(1,0), is also linear. One can also directly observe that
〈A(1,1)(F ),A(1,1)(F )〉 ⊂ A(1,0)(F ), 〈A(1,1)(F ),A(0,1)(F )〉 ⊂ A(0,0)(F ), 〈A(0,1)(F ),A(0,1)(F )〉 = 0,
which by Gracia-Saz & Mehta [22, Lemma 2.8] implies that the pairing is also linear.
Thus our definition of a VB-pre-Courant algebroid gives rise to what one would expect in a more tradi-
tional language by weakening the classical axioms of a VB-Courant algebroid, see Li-Bland [38]. In particular,
[38, Proposition 3.2.1] essentially leads to our definition of a VB-(pre-)Courant algebroid, once homogeneity
structures are employed to describe vector bundles.
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4.3. Weighted sub-Dirac structures. Following Definition 3.18, the notion of a weighted sub-Dirac structure
is clear in terms of a sub-Dirac structure with a compatible homogeneity structure. More formally, we have the
following definition.
Definition 4.7. Let (F(k−1,2), l, h, { , },Θ) be a weighted pre-Courant algebroid of degree k. A weighted
sub-Dirac structure of degree k is a double graded subbundle ι : D(k−1,2) →֒ F(k−1,2), possibly supported over
F0(k−1,0) := h0(D(k−1,2)) and F0(0,2) := l0(D(k−1,2)),
D(k−1,2) F0(0,2)
F0(k−1,0) M0
//
 
//
F(k−1,2) F(0,2)
F(k−1,0) M
//
 
//


//
such that:
(1) D(k−1,2) is isotropic;
(2) QΘ is tangent to D(k−1,2).
If D(k−1,2) is a Lagrangian submanifold, then we speak of a weighted Dirac structure.
Remark 4.8. The notion of a sub-VB-Dirac structure is clear. VB-Dirac structures, to our knowledge, first
appear in [38] in the more traditional framework of double vector bundles.
Proposition 4.9. The graded vector bundle L(k−1,1) defined by Sec(L(k−1,1)) ≃ A
(•,1)(D(k−1,2)) is a weighted
almost Lie algebroid of degree k.
Proof. It is clear from Proposition 3.19 that by forgetting the additional graded structure we get an underlying
almost Lie algebroid structure. The only question is the weight of the bracket on sections. A homogeneous
section of weight r of L(k−1,1) can be viewed as an element of A
(r−1,1)(D(k−1,2)), and thus by (4.1) the almost
Lie bracket carries weight −k. Then, via Definition 2.10, we have the structure of a weighted almost Lie
algebroid. 
Proposition 4.10. Let ι : D →֒ F2 be a sub-Dirac structure of a pre-Courant algebroid. Then
T
k−1ι : Tk−1D →֒ Tk−1F2
is a weighted sub-Dirac structure of degree k.
Proof. Due to the functorial properties of taking the higher tangent bundle, it is clear that Tk−1D is a graded
double subbundle of Tk−1F2. As D is isotropic, then so is T
k−1D with respect to the lifted Poisson struc-
ture. Similarly, as Hamiltonian vector fields of the complete lifts of Hamiltonians are the complete lifts of the
Hamiltonian vector fields, QΘ(c) = (QΘ)
c (see [36]), we see that the QΘ(c) is tangent to T
k−1D. 
Remark 4.11. Higher order tangent lifts of Dirac structures in TM×M T
∗M were first explored by Kouotchop
Wamba, Ntyam & Wouafo Kamga [35] in the classical language. Also, see Kouotchop Wamba & Ntyam [37].
4.4. Examples of weighted pre-Courant algebroids. In this subsection, we present a few simple examples
of weighted pre-Courant algebroids and sub-Dirac structures. These examples come from minor modifications
of the standard examples of Courant algebroids and Dirac structures.
Example 4.12. Using Theorem 4.3 and Proposition 4.10, we can see that any pre-Courant algebroid and a
sub-Dirac structure thereof, gives rise to a weighted pre-Courant algebroid and a weighted sub-Dirac structure
via the higher order tangent functor. As a specific example, consider T∗ΠTM , where for simplicity we assume
M is a standard manifold, which canonically is a Courant algebroid. The Poisson structure is just the canonical
Poisson structure on the cotangent bundle. We need only remember that we assign weight 2 to the ‘momenta’.
The homological potential is just the symbol (or Hamiltonian) of de Rham differential on M . Obviously, ΠTM
is a Dirac structure with the canonical Lie algebroid structure. Then, Tk−1(T∗ΠTM) ≃ T∗ΠT(Tk−1M) is
canonically a weighted Courant algebroid of degree k, and ΠT(Tk−1M) is a weighted Dirac structure thereof.
Example 4.13. Consider T∗Fk−1, where Fk−1 is any degree k − 1 graded bundle, and assign weight 2 to the
‘momenta’. That is, we can employ local coordinates of the form
( xa︸︷︷︸
(0,0)
, yiw︸︷︷︸
(w,0)
, pk−1a︸︷︷︸
(k−1,2)
, qwi︸︷︷︸
(w,2)
),
where (0 < w < k). Note that the conjugate pairs here are (x, pk−1) and (yw, q
k−1−w), and so the canonical
Poisson bracket on the cotangent bundle carries bi-weight (1 − k,−2). However, notice that there are no
functions of bi-weight (•, odd) and so the only possible choice of a (pre-)homological potential is just Θ = 0.
Any isotropic subbundle of T∗Fk−1 is a sub-Dirac structure.
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Example 4.14. As an example of a VB-Courant algebroid structure, consider F(1,2) := T
∗ΠTE∗, where E →M
is a vector bundle, which we will for simplicity assume to be in the category of manifolds. We equip F(1,2) with
local coordinates of the form
( xa︸︷︷︸
(0,0)
, qi︸︷︷︸
(1,0)
, dxb︸︷︷︸
(0,1)
, dqj︸︷︷︸
(1,1)
, pc︸︷︷︸
(1,2)
, yk︸︷︷︸
(0,2)
, πd︸︷︷︸
(1,1)
, χl︸︷︷︸
(0,1)
).
With this assignment of bi-weights, it is clear that the canonical Poisson bracket carries bi-weight (−1,−2) as
desired. Canonically,
θ = dxapa + dqiy
i
provides a homological potential and we have the structure of a VB-Courant algebroid or in our language a
weighted Courant algebroid of degree 2.
Now, let us ‘twist’ the homological potential by adding any linear 3-form
β =
1
3!
dxadxbdxcβicba(x)qi +
1
2!
dxadxbβiba(x)dqi,
which we understand as a function of bi-weight (1, 3) on ΠTE∗. Now consider the pre-homological potential
Θ := θ + β.
A direct calculation shows that
{Θ,Θ} = 2{θ, β} = 2 dβ 6= 0 ,
where d is the de Rham differential on ΠTE∗. We do not at this stage assume that β is closed. It is not hard
to see that
{{Θ,Θ}, f} = 2{dβ, f} = 0
for all f ∈ A•(E∗), due to the lack of conjugate variables in the final Poisson bracket. Thus, we have a weighted
pre-Courant algebroid of degree 2.
An obvious example of a weighted Dirac structure here is ΠTE∗, which comes canonically with the de Rham
differential. Let us find a less obvious example of weighted Dirac structure by considering a linear two form
α =
1
2
dxadxbαiba(x)qi + dx
aαia(x)dqi,
which we understand as a function of bi-weight (1, 2) on ΠTE∗. Associated with any such two form is the
Lagrangian subbundle
ια : Dα →֒ T
∗ΠTE∗ ,
defined locally viz
pa ◦ ια =
∂α
∂xa
, yi ◦ ια =
∂α
∂qi
, πb ◦ ια =
∂α
∂dxb
, χj ◦ ια =
∂α
∂dqj
.
Thus, to ensure that QΘ is tangent to Dα we require Θ ◦ ια = 0, and so we arrive at
dα+ β = 0.
The above then implies the consistency condition dβ = 0 and so, for this particular weighted Dirac structure,
we are forced to consider a genuine Courant algebroid.
5. Concluding remarks
We have shown that pre-Courant algebroids are ‘really’ symplectic almost Lie 2-algebroids, just as Courant
algebroids are ‘really’ symplectic Lie 2-algebroids. This shift in the fundamental starting place allows for many
of the known facts about pre-Courant algebroids to be neatly reformulated. In many cases, the proofs of various
statements become significantly simpler than those presented using a classical framework. For example, the
notion of (sub-)Dirac structures on pre-Courant algebroids as certain isotropic submanifolds is conceptually
neat and clear.
Working with symplectic almost Lie 2-algebroids allows for a very economical and powerful framework to
understand pre-Courant algebroids with a compatible non-negative grading. Weighted pre-Courant algebroids
directly generalise VB-Courant algebroids, while at the same time their use drastically simplifies working with
the latter. In particular, the notion of weighted sub-Dirac structures is almost obvious and naturally covers the
case of VB-Dirac structures.
Pre-Courant algebroids and especially weighted pre-Courant algebroids have a rich and interesting superge-
ometrical structure which, in our opinion, deserves further study. We are convinced that the understanding of
pre-Courant algebroids as symplectic almost Lie 2-algebroids will allow for further mathematical developments
and applications in theoretical physics.
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